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Surmina ry

The diffusion problem considered by H. Levine in a previous

paper 1s solved here in a different way by making use of the known
solutlion of the corresponding nroblem of Green.

Introduction
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In a recent paper H. Levine 1) considers tThe problem of solving
a non-homogcneous Helmholtz equation in an angle. With a slight

change of notatvion the problem can be formulated as follows., To
find a solution wv(r,¢) in the angle O0< v <&, O«<r <o of

A -1)y= -1 (1.1)

for which
v = 0O ac ¢ = 0 and ¢= 68 . (1.2)

T™e corregsponding problem of Green where G(rﬁg,roﬁ¢o) satisfies
1
(6-1)G = -v = J(r-r_)i(e-¢_) (1.3)
and

G = O at ¢=0 and ¢ = 6 (1.4)

has been solved in Lauvwcrier 2>n Then the solution of (1.1) and (1.2)

13 simnl
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v (r,0) = ({ r dr é G(m%r"omo)dwo- (1.5)

™

Lt will be shoum that from (1.5) the solution as given by
Levline can easily be derived. We have explicitly
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for r<«<r_,

with v= %/, so that by means of (1.5)

ST sin my
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_D

where the auxiliary function LQL(X) is defined Dy

Q0 X

L, (x) =1, (x) Xf t K, (£)dt + K, (x) [) £ :E&(E/)ldg,),

and where Z:q indicates summation over odd numbers m=1,3,5...
A few properties of L  (x) which may be considered as a
modified Lommel function (cf. Watson 3)) will be given in the

next sectlion, We shall prove that

00
Lut(x) = H/LS[ e” ™ cos(x shu)du. (1.9)

If this is substituted in (1.7) it follows that
00
v(r,¢) = 1 - hg~ Z:ﬂ sin my ¢ w/ e MY Y eos(r shu)du

O
and hence QO
- cos{ rshu
v (r,¢) = 1 - 29 Im gﬁ Shv{aTig du, (1.10)

which 1s equivalent to the result obtained by Levine (l.c. formulsa

(2.18)).

§ 2. Properties of L%L(x) ﬂ
1t can casgily be verified that Lﬁb(x) 1s a solution of the non-

homogeneous Bessel equation
2

o Do AL —
L/* {_X g (/l+ XE)L,a‘” L (2»4)
and that for « > O
LAL(O) = O, LAL(UD) = 1. (2.2)
By applying cosine transformation in the form J
CO
L, (x) =1 - Of cos xt f£(t)dt (2.3)
the equation (2.1) changes into '
-
(A+£9) P + 361 + (1-4)F = O (2.4)
with £'(0) = - . °.
By making the substitution t=shu the equation (2.4) becomes
q° >
m~§*(chu ) = w"(chu f) (2.5)
du

with £'(0) = w/cg.

This has the solution vanishing at infinity



f(u) = « e”“"/chy (2.6)
Therefore (2.3) becomes
00
L%L(X) = 1 - [ e ™Y cos(xshu)du (2.7)
O

If u #2,4,6... we obtain (cf. Watson 1.c.)
0.0,
L, (x) = - H; { (4= ) (16- u®). .. (Bm° Py =7 x2m

1T 4 1s a positive even integer logarithmic terms are obtained.

The first term is, however, always QM,2~4)"qx2 except for u =2
when 1t is - — x"1n x.

The asymptotic expansion for large values of x is (cf. Watson

M=
If w=2,4,6... the series on the right-hand side breaks off but
then we have the exact relation
N
2
Lon(x) = 2 (=" n5(n%-1) .. (0%-(m=1)®) (3x) 72"~ (1) P2nk, (%)
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